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Hans Bethe's treatment of the Lamb shift
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Self energy problem

electron --> electric field --> electron

In Quantum theory

a) the electron emits a (virtual) photon
b) the photon is subsequently absorbed by the same electron

self energy = interaction energy between the electron and the
electromagnetic field due to the presence of the electron itself.

The self energy forms an inseparable part of the observable
rest energy of the electron since there is no way of turning
off the electromagnetic interaction.

However, the dynamical mechanisms that give rise to the
(unobservable) self energy have profound consequences on the
(observable) energy levels of atomic states.

Classical discussion
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Ey=7[pod'x (222)
If the electron were a point charge e located at the origin
p=ed(x)and ¢ =e/4nr
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A sphere of uniform density,
rest energy (mc”) = self energy
= classical radius of electron
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Atomic level shifts

Quantum theory of radiation + nonrelativistic electron
The self energy of the bound electron — energy shift of state A due to

its interaction with the quantized radiation.
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Diagram (a) is unimportant for the atomic level shift.




The basic perturbation matrix elements in fig. (b) are the emission

matrix element
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p=—ihV, &% : polarization (unit) vector

coupled differential eqns.
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This is exactly the wavefunction of quantum mechanical state of energy
E, +AE,

Inserting (228) into (226) and integrating, we have
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To obtain the energy shift for state A we substitute (228) and (230)
into (227) and divide by exp[—AE,t/#]:
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dropping AE, on the right side
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Because the following integral is oscillating:

Wi gy (233)

0
ill defined as t# $.However, such an integral can

be made convergent by adding a small positive imaginary

part to x. i.e.,
im %" _ olim i kil gy,
t# $ 0+
1
=lim
&0+ x+i&
X i&
= lim %
&#0+[x2+&2 x2+&2]
1
=—9%"((x) (234)
X




Theenegy shift AE, has both real and imaginary pats
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Interpretation for Imaginary part
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Real part: actual level shift
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Polarization sum and angular integration:
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Free electron: fixed momentm p
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The energy denominator is

E,—E,—ho=p’/2m—(p-Hk)/2m—hw=-hw (246)
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Self energy — o p’
We can never switch off the electromagnetic interaction, this additional
energy cannot be separated from the usual kinetic energy term p° / 2m.

p’/2m, =p*/2m, +Cp’ =p°/[2m,, (1-2m,, C)l, (250)
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The mass we observe in our laboratory is not m,,,, but m_, sometimes

known as the renormalized mass.

For a cut-off ;™ of order of mc”, about 0.3% of the observed electron

mass is attributed to the self energy.




Bethels treatment of the Lamb shift

From (243) and (247)!
Now we return to the level shifts of atomic states. $ 2 ’ o $ E | ) |2 .
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where we have used
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Bohr Dirac (Relativistic)

QED
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