
1

Selected topics in atomic physics 
Lecture 05 Nov. 16, 2009

Prof. C. Yamada

RELATIVISTIC QUANTUM MECHANICS

W. Greiner, Relativistic Quantum Mechanics (3rd ed.), Springer, 2000.

戸田盛和，物理学30講シリーズ10，宇宙と素粒子30講，朝倉書店 2002

2

Klein-Gordon Equation

energy-momentum relation

operator

Equations derived

nonrelativistic relativistic

Schro¨dinger equation Klein-Gordon equation
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Interpretation of Klein-Gordon Equation

Negative probability density          charge density

(because of the second order 

differential eqn.)

Negative energy states                   antiparticle

(same as Dirac equation)

Therefore this equation is now believed to represent spin-0

particles, although it was at first regarded that Klein-Gordon 

equation was physically senseless.
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Wave Equation for Spin 1/2 Particles:
Dirac Equation (for free particles)
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        Klein-Gordon eq.

Factorize? (to obtain a DE of first order in time derivative)
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Then, from the wave eqn i!!" / !t = H" = E" ,  the hamiltonian is:

                     H = #c$ ip # %mc2 .

the wave equation is explicitly rewritten as:
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For the previous factorization to be valid, we must treat $  and %  as matrices.
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!1!2 +!2!1 = !2!3 +!3!2 = !3!1 +!1!3 = 0

!1" + "!1 = !2" + "!2 = !3" + "!3 = 0

The --yet unknown -- coefficients ! i cannot be simple numbers, other-

wise (2.2) would not be form invariant with respect to simple spatial

rotations. The answer was found by P.A.M. Dirac, as:
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These wavefunctions (called ‘spinors’) satisfy

(a) correct energy-momentum relation for a relativistic free particle
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(b) the continuity equation for the density,
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(c) the Lorentz covariance (i.e. Lorentz form-invariance)

Two positive energy wave functions spin-up and spin-down,

and two negative energy wave functions...‘positron’ are given.
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For a free particle,

                                   E = !9 ,          p = !k                                                                                                                                       (5)

and

                                    1
i
(r,t) = u

i
(p)ei(kr)9 t )

                                                    u(p)ei(pr)Et )/!             (i = 1,2,3,4)                                                                                                    (6)

 

Inserting (6) into (4), and rearranging the order,

(E ! mc2 )u1 ! cpzu3 ! c(px ! ipy )u4 = 0

(E ! mc2 )u2 ! c(px + ipy )u3 ! cpzu4 = 0

cp
z
u1 ! c(px ! ipy )u2 + (E ! mc2 )u3 = 0

!c(p
x
+ ip

y
)u1 + cpzu2 + (E ! mc2 )u4 = 0                                               (7)

Determinant of the coefficient matrix "  0;
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Therefore, we have positive and negative energy solutions 

(the latter being classically not allowed);
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(3) Negative energy, spin $                        (4)Negative energy, spin %
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Normalization factor f :

for u(1),  
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Thus, the spin is 'down' for the wavefunction u(2).

             

After a rather long derivation, energies of the bound electron were

calculated to be:

A Dirac Particles in a Coulomb Field
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The fine structure constant

          ! =
e2

!c
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137.04
.

Eigen states are designated by (n,  l ,  j ,  m)

n = (1,2, 3"),    l = (0,1,2,",n"1),    m= ("l ,"l +1,", l "1, l )

n : principal q.n.  l  : azimuthal q.n.,  m : magnetic q.n.

Without external fields, l ,  m states are degenerate, 

the larger the angulara moentum j , the higher the energy. For # = Z!,

designation  n   l     j     k     nÕ En,j /mc2

1S1/2  1   0  1/2   -1     0

2S1/2

2P1/2

 2   0  1/2   -1     1
 
 2   1  1/2    1     0

2P3/2  2   1  3/2    -2    0

3P1/2  3   1  1/2     1    2
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Bound states of the electron according to the Dirac equation for Z = 1

(hydrogen atom)
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Hydrogenlike HCI!s binding energy

16

Dirac energy levels for
 an electron in a Coulomb potential

W. Greiner, Rel. Q.M.


